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Collective excitations in two-component one-dimensional massless Dirac plasma
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We study spectra of long wavelength plasma oscillations in a system of two energy splitted one-
dimensional (1D) massless Dirac fermion subbands coupled by spin-orbit interaction. Such a system
may be formed by edge subbands in semiconducting transition metal dichalcogenide monolayers. In-
trasubband transitions of massless Dirac fermions give rise to optical and acoustic gapless branches
of intrasubband 1D plasmons. We reveal that the optical branch is of quantum character with
group velocity being inverse proportional to square root of the Planck constant, whereas the acous-
tic branch is classical one with group velocity proportional to geometric mean of the edge subband
velocities. Spin-orbit interaction, allowing intersubband transitions in the system, results in emer-
gence of two branches of intersubband 1D plasmons: upper and lower ones. The upper and lower
branches are gapped at small wave vectors and evolve with positive and negative group velocities,
respectively, from energy splitting of the edge subbands at Fermi-level. The both intersubband
branches adjoin intersubband single particle excitation continuum from above, while in case of the
edge subbands with unequal velocities the lower one experiences Landau damping at small wave
vectors. In addition, the lower branch, attaining zero frequency at a non-zero wave vector, alters its
group velocity from negative to positive one.
Introduction. Nowadays studies of systems with mass-
less or massive Dirac fermions, such as graphene, topolog-
ical insulators, monolayers of semiconducting transition
metal dichalcogenides (sTMDs), attracts a lot of interest
for both fundamental physics and application prospects
in nanoelectronics and nanophotonics1,2. An interesting
feature of the Dirac fermion systems is that they have
surface (in 3D) or edge (in 2D) states with a linear disper-
sion law3. In the 2D case, the edge states (ESs) form 1D
conducting channels of massless Dirac Fermions (MDFs)
that freely propagate along the edge of the system. De-
spite in graphene manifestation of the ESs is masked by
virtue of zero band gap, recent experiments on conduc-
tivity of gapped graphene are interpreted with help of the
ESs4. ES conductance was established in 2D topological
insulators realized in HgTe/CdTe/HgTe quantum wells
of definite thickness5, but quite small band gap (about
20 meV) prevents them from using in devices at room
temperatures.
From the other hand, atomically thin sTMDs, such as
MoS2, WS2, represent a 2D systems with massive Dirac
fermions in the bulk6 and large band gap about 1.5-2 eV.
Such a large band gap raises relevant question about ESs
existing inside of it. Indeed, conducting ESs in the band
gap was observed in scanning tunneling spectroscopy7
and microwave impedance microscopy8 of MoS2 mono-
layers. Recently, transport features of edge states lying
in the gap were observed in monolayers of 1T’-WTe2 at
temperatures up to 100K9,10.
In a minimal continuum model of sTMD monolayers,
described by massiveWeyl equation6, theory predicts two
energy-splitted subbands of ESs with linear spectra char-
acterized by phenomenological parameters in a boundary
condition11,12. These ES subbands are spin-polarized in
absence of an additional spin-orbit interaction (SOI) that
entangles states with opposite spins. From collective ex-
citations point of view, the ES subbands form a two-
component 1D massless Dirac plasma.
In this paper, we find spectra of plasma oscillations in
such a system taking also into account additional SOI
mechanisms. In the sTMD monolayers there are two
types of the additional SOI that can couple the edge sub-
bands characterized by opposite spin projections. The
first type is related to the entanglement in the bulk of the
monolayers, which can be induced by perpendicular elec-
tric field13, Bychkov-Rashba SOI with the substrate14,15
or in-plane magnetic field. The second type is induced by
breaking down of periodic crystal potential at the edge12.
We show that in the system under consideration there
exist four branches of the 1D plasmons: two intrasub-
band branches (optical and acoustic), and two intersub-
band ones (upper and lower). We find that spectra of
optical and acoustic intrasubband 1D plasmons being
determined by one dispersion equation, unexpectedly,
have essentially different dependence on the Planck con-
stant. In the long wavelength limit frequencies of the op-
tical branch are directly proportional to 1/
√
h¯, whereas
frequencies of acoustic branch does not depend on the
Planck constant. We also demonstrate that at small
wave vectors upper and lower intersubband branches of
1D plasmons possess gapped spectra with positive and
negative group velocities, respectively. The gap equals
energy splitting of the edge subbands at the Fermi-level.
In addition, we reveal that the lower branch reaching zero
frequency with negative group velocity alters its sign to
positive with increase of wave vector values.
Model.– We consider semi-infinite plane y > 0 occu-
pied by a sTMD monolayer. In the bulk, dynamics of
carriers in the K and K ′ valleys of the sTMD monolayer
is described by a massive 2D Weyl Hamiltonian6:
Hτ = v (τσxpx + σypy)+σz [m− τ sˆz(∆v −∆c)]+σ0τ sˆz(∆v+∆c),
2(1)
where τ is a valley index equal to +1 (−1) in the K (K ′)
valley, σx,y,z and σ0 are Pauli and identity matrices, re-
spectively, acting in band subspace, sˆz is z component
of the spin-1/2 operator, v is matrix element of momen-
tum between the band extremum wave functions, 2∆c,v
is atomic spin-orbit splitting in conduction and valence
bands, respectively, 2m is band gap without the split-
ting. The translational invariant edge along the x axis is
introduced through a boundary condition (BC)11,12. Be-
low we will consider zigzag orientation of the edge or close
to it, which is more frequently realized in experiments16.
At the edge orientation, projections of the K and K ′ val-
leys onto the edge direction are well distant in reciprocal
space. Therefore, we will neglect intervalley coupling in
BC. In addition, we will employ two types of BC de-
pending on the SOI mechanisms. For SOI mechanisms
of the first type, described by a perturbation term added
to the Hamiltonian Hτ
13–15, we choose spin-decoupled
BC12:
[
ψ
↑(↓)
c,τ + a1,2;τψ
↑(↓)
v,τ
]
x=0
= 0, where a1,τ (a2,τ ) is
a real phenomenological parameter, characterizing edge
properties for spin up (spin down) states, ψ
↑(↓)
c,τ , ψ
↑(↓)
v,τ
are envelope wave functions, describing spin up (spin
down) states in conduction and valence bands, respec-
tively. Time reversal symmetry implies the following
relation for the parameters: a1,τ = a2,−τ . The SOI
mechanism of the second type is described by a BC that
entangles wave functions of opposite spin projections12:[
Ψ↑τ −MτΨ↓τ
]
edge
= 0, where Ψ
↑(↓)
τ = (ψ
↑(↓)
c,τ , ψ
↑(↓)
v,τ ) is
two-component envelope functions, Mτ is a second order
matrix describing the edge SOI (explicit form of Mτ can
be found in17).
Both types of the SOIs result in two subbands of ESs
with linear spectra17:
ε(τ)n,p = −τv(τ)n p+∆(τ)n , (2)
where n = 1, 2 is the subband number, p is quasimomen-
tum along the edge, v
(τ)
n and ∆τn are velocity and value
of electron-hole asymmetry in each ES subband, which
are determined by bulk and boundary parameters. The
ESs exist until their decay lengths are positive, turning
into bulk states at those quasimomenta when their spec-
tra (2) overlap with bulk continuum. Following experi-
mental data7,8,10 and tight-binding calculations18 we as-
sume that ES subbands are in the band gap as shown on
Fig.1. The upper edge subband n = 1 (n = 2) always has
greater velocity than the lower one n = 2 (n = 1) in the
valleyK (K ′), excluding their intersection. Time reversal
symmetry leads to relations: v
(τ)
1 = v
(−τ)
2 , ∆
(τ)
1 = ∆
(−τ)
2 .
1D Plasmon spectra.– Introducing the single particle
model, we turn to the question of collective excitation
spectra in the two partly filled ES subbands (see Fig.1).
In self-consistent random phase approximation, matrix
elements of electric potential Fourier harmonic ϕq(y), in-
duced by density fluctuations of 1D MDF in the edge
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FIG. 1. ES spectra (straight blue lines) (2) in K (solid) and
K′ (dashed) valleys. Solid gold lines mark edges of conduc-
tion and valence bands. The edge subbands cross Fermi-level
(dashed-dotted line) at pF1,2 (−pF1,2) in the K (K
′) valley.
Filled grey region indicates occupied states in valence band.
Figure is plotted at the following bulk parameters: 2m = 1.8
eV, v = 2.5 eV·A, 2∆c = 3 meV, 2∆v = 0.148 eV. Parame-
ters of ES spectra are the following: v1 = 0.8v, v2 = 0.62v,
∆1 = −0.23 eV, ∆2 = −0.61 eV.
subbands, satisfy the following equation17:
〈µ′|ϕq(y)eiqx|µ〉δτµ′τµ =
2e2
ǫ∗Lx
∑
λλ′
f(ελ′)− f(ελ)
ελ′ − ελ + h¯ω + i0〈λ|ϕq(y)e
iqx|λ′〉δτλ′τλ ×
〈λ′|〈µ′|eiq(x−x′)K0 (|q(y − y′)|) |µ〉|λ〉 (3)
here λ, µ denote sets of the ES quantum numbers (nλ,µ =
{1, 2} is the subband number, pλ,µ is quasimomentum
along the edge, τλ,µ is the valley index), f(ε) is the
Fermi-Dirac distribution function, K0(x) is the Macdon-
ald function describing the Coulomb interaction in 1D
system, e is the absolute value of electron charge, ǫ∗ is
dielectric constant of environment, Lx is size of the sys-
tem in x direction. The Kronecker delta in Eq.(3) means
that we consider only intravalley transitions.
First, we take into account only diagonal matrix ele-
ments on the subband number in Eq.(3) and obtain the
dispersion equation for intrasubband 1D plasmons in the
long wavelength limit |q|κ−1intra ≪ 1 (see17):
1− 2e
2
ǫ∗
ln
(
4κintra
|q|ζ
) ∑
τ=±1
[
Π
(τ)
11 (ω, q) + Π
(τ)
22 (ω, q)
]
= 0, (4)
Π
(τ)
n′n(ω, q) =
1
Lx
∑
p
f
(
ε
(τ)
n′,p
)
− f
(
ε
(τ)
n,p+q
)
ε
(τ)
n′,p − ε(τ)n,p+q + h¯ω + i0
, n, n′ = {1, 2}
where ζ = eγ , γ = 0.577 . . . is the Euler constant, κintra
is a characteristic intrasubband inverse decay length of
3FIG. 2. Red solid lines show wave vector dispersion of plas-
mons in two-component 1D massless Dirac plasma in case
of unequal velocities of the edge subbands. ωop and ωac
identify spectra of intrasubband optical (5) and acoustic (6)
branches, respectively. Blue dashed lines indicate intrasub-
band SPE continuum: ω = v1q and ω = v2q. Intersubband
plasmons ω+,− (10) exponentially adjoin the intersubband
SPE continuum (blue shaded area). The lower intersubband
branch ω− also lies in the intersubband SPE continuum at
|q| < q∗ = δvδpF /h¯(v1 + v2). At q0 = (pF1−pF2)/h¯ the lower
branch alters its group velocity from −v1 to v2. Calculation
was carried out at v1 = 0.8v, v2 = 0.62v, ∆1 = −0.48 eV,
∆2 = −0.59 eV, εF = −0.2 eV, the bulk parameters as on
Fig.1.
the ES wave functions at Fermi-energy (expression for
κintra through the model parameters can be found in
17).
Solving Eq. (4) in the temperature range T ≪ m− εF
we obtain spectra of optical and acoustic branches of in-
trasubband 1D plasmons at q → 0:
ωop(q) ≈ q (v1 + v2)
√
2
π
α ln
(
4κintra
|q|ζ
)
(5)
ωac(q) ≈ q√v1v2, (6)
where v1,2 ≡ v(1)1,2, α = e2/ǫ∗h¯(v1 + v2) is the effective fine
structure constant. It is Coulomb interaction of 1D
MDFs filling two edge subbands that couples the two in-
trasubband 1D plasmons, resulting in optical and acous-
tic branches (5),(6).
Frequencies of the optical branch only logarithmically
depend on the edge subband filling via κintra taken at
Fermi-level19. Furthermore, in leading order on q dis-
persion of the optical branch are directly proportional to√
α ∼ 1/
√
h¯ making it clearly quantum20. The reason
of both the unusual things is that ”effective masses” of
MDFs introduced as m∗1,2 ≡ |pF1,2 − pe1,2 |/v1,2 are pro-
portional to the concentration of 1D MDFs in the edge
subbands n
(1,2)
1D = |pF1,2−pe1,2 |/h¯π. Therefore, in a stan-
dard formula for optical 1D plasmons of two-component
q0
0.1 0.2 0.30.0
1.0
0.5
SPEintra
op
 +
-
SPEinter
1.5
fr
e
q
u
e
n
cy
, 

/
+
(0
)
wave vector, q/|pF2|
0.4
-
FIG. 3. Red solid lines shows wave vector dispersion of plas-
mons in two-component 1D massless Dirac plasma in case of
equal velocities of the edge subbands (i.e. v1 = v2). Only
optical intrasubband branch ωop (5) exists in this case. Blue
dashed lines indicate both intra- and intersubband SPE con-
tinua. Intersubband branches ω+,− (12) quadratically ((i.e.
∝ q2 ln(4κinter/qζ))) deviate from the intersubband SPE con-
tinuum. At q0 the lower branch changes the sign of its group
velocity. Calculation was carried out at v1 = v2 = 0.8v,
∆1 = −0.48 eV, ∆2 = −0.59 eV, εF = −0.2 eV, the bulk
parameters as on Fig.1.
plasma of massive fermions21:
ω˜op(q) ≈ q
√√√√2e2
ǫ∗
(
n
(1)
1D
m∗1
+
n
(2)
1D
m∗2
)
ln
(
4κintra
|q|ζ
)
(7)
one obtains unconventional shortening of 1D concentra-
tions with the ”effective masses”, and as a consequence
proportionality to
√
α in Eq.(5). In case of equal veloc-
ities of the edge subbands v1 = v2, the optical branch
frequencies are
√
2 times larger those of the 1D plasmons
in one-component massless Dirac plasma19,20.
The acoustic branch (6) possesses linear dispersion at
small wave vectors with group velocity proportional to
geometric mean of the edge subband velocities. In the
limit the branch does not depend on filling of the edge
subbands and dielectric environment. Moreover, unlike
the optical branch the acoustic one is non quantum as its
dispersion (6) does not contain the Planck constant.
Since continuum of intrasubband single particle exci-
tations (SPEs) in the 1D system with linear spectra rep-
resents straight lines ω = v1q, ω = v2q (blue dashed
lines on Fig.2,3), both intrasubband plasmons (5),(6)
avoid Landau damping. However, at equal velocities of
the edge subbands (i.e. v1 = v2 = v) acoustic branch (6)
disappears, as it coincides with intrasubband SPE con-
tinuum: ω = vq (see Fig.3). Here we note that intra-
subband 1D plasmons were also studied in density func-
tional formalism22, where it was found three intrasub-
band branches as the model comprised three edge sub-
bands.
Second, we consider intersubband plasmons. To ob-
tain their spectra one need to keep off diagonal matrix
4elements on subband index in Eq.(3). In the long wave-
length limit qκ−1inter ≪ 1 we arrive to the following disper-
sion equation17:
1− 2e
2
ǫ∗
∣∣∣J (1)12 (pF2 , q)∣∣∣2 ln(4κinter|q|ζ
)
×∑
τ=±1
[
Π
(τ)
12 (ω, q) + Π
(τ)
21 (ω, q)
]
= 0, (8)
where J
(1)
12 (pF2 , q) ≡ 〈1, pF2 + q, 1|eiqx|2, pF2 , 1〉 is matrix
element of intersubband transitions that is non zero
only due to presence of the additional SOI mechanisms
discussed above (quasimomentum pF2 is determined by
the equality ε
(1)
2,pF2
= εF , see Fig.1), κinter is the inter-
subband inverse decay length at Fermi-level. In the
long wavelength limit the matrix element is directly
proportional to wave vector q and also is of weak de-
pendence on quasimomentum p (see17). Therefore, in
derivation of Eq.(8) we carried it out of the summa-
tion over momentum in Eq.(3) and took it at p =
pF2 . Below, we calculate intersubband plasmon disper-
sion at low temperature limit, when Fermi-Dirac dis-
tribution functions can be treated as step-like ones:
f(ε
(1)
1,2;p) = θ[p− pF1,2 ], f(ε(−1)1,2;p) = θ[−p− pF2,1 ], θ[x] is
the Heaviside function. In this case the intersubband
polarization operator reads as follows:
Π
(τ)
12 (ω, q) =
s
2h¯δv
×{
1
π
ln
∣∣∣∣τh¯ω +Ω2τh¯ω +Ω1
∣∣∣∣+ iτθ [s (τh¯ω +Ω1)] θ [s (−τh¯ω − Ω2)]}(9)
Π
(τ)
21 (ω, q) =
[
Π
(τ)
12 (−ω,−q)
]∗
where δv = v1 − v2, s = sgn(pF1 − pF2 + h¯q),
Ω1,2 = ∆1 −∆2 + h¯v1,2q − δvpF2,1 , (∆1,2 = ∆(1)1,2).
Substituting the formula (9) into Eq. (8) we ob-
tain two branches of intersubband 1D plasmons ω+
(upper) and ω− (lower) shown on Figs.2, 3). At
|q| < q0 ≡ (pF1 − pF2)/h¯ their spectra are determined by
the following formula:
ω±(q) = ω12±v1q+
δvq0
∣∣∣∣1± δvq02v1q
∣∣∣∣
exp
− ǫ∗πh¯δv
e2|J (1)12 (pF2 , q)|2 ln
(
4κinter
qζ
)
− 1
(10)
where h¯ω12 = ε
(1)
1,pF2
− ε(1)2,pF2 is the gap in the plasmon
spectra that is of the order of bulk band splitting
(∼ 0.01− 0.1 eV). The upper (lower) branch ω+ (ω−)
(10) possesses positive (≈ v1) (negative (≈ −v1)) group
velocity and approaches boundary of intersubband SPE
continuum from above. At |q| < q∗ = δvpF2/(v1 + v2)h¯
the lower branch lies in the intersubband SPE continuum,
leaving the latter at larger wave vectors (|q| > q∗). This
differs from 1D systems of massive fermions, where both
intersubband plasmons lie outside intersubband SPE in
the long wavelength limit21,23. Frequency of the lower
branch ω− equals zero at q = q0. At larger wave vectors
(q > q0) its spectrum reads as follows:
ω−(q) = v2(q−q0)−
δvq0
∣∣∣∣1± δvq02v1q
∣∣∣∣
exp
[
− ǫ
∗πh¯δv
e2|J (1)12 (pF2 , q)|2 ln(4κinter/qζ)
]
− 1
.
(11)
Thus, at q > q0 the lower branch has positive group ve-
locity (≈ v2) and adjoins the bottom of the intersubband
SPE continuum (see Figs.2, 3).
Until the ES subbands have unequal velocities (i.e.
v1 6= v2) the intersubband plasmons (10) exponentially
close adjoin the upper boundary of the intersubband SPE
continuum as J
(1)
12 (pF2 , q) ∝ q. However at equal veloc-
ities (v1 = v2) from Eq.(10) we obtain the following ex-
pression for 1D intersubband plasmons:
ω±(q) = ω12±vq+ e
2q0
ǫ∗πh¯
|J (1)12 (pF2 , q)|2 ln
(
4κinter
qζ
)
. (12)
In this case both upper and lower intersubband plasmon
branches (12) only parabolically approach the intersub-
band SPE continuum represented by dashed blue lines
ω = ω12 ± vq on Fig.3. It is of note that intersub-
band plasmons (10),(12) have no polarization shift un-
like intersubband 1D plasmons in a system of massive
fermions21,23.
In summary, we analytically derived long wavelength
spectra of plasmons in two-component 1D massless Dirac
plasma that is realized in system of two edge subbands
of sTMD monolayers. The spectra consist of the two
(optical and acoustic) intrasubband and two (upper and
lower) intersubband branches. We found that the op-
tical and acoustic branches are both gapless but have
different quantum nature. The optical plasmon is quan-
tum because of explicit dependence of its spectrum on
the Planck constant, which follows from relation between
1D MDF concentration and their ”effective masses” at
Fermi-level. While the acoustic branch is rather classi-
cal as its group velocity is only determined by geometric
mean of the edge subband velocities. We revealed that
interubband branches arose due to intersubband transi-
tions provided by the additional SOIs that can be either
bulk or edge in nature. The upper and lower intersub-
band branches are gapped and possess positive and nega-
tive group velocities, respectively, at small wave vectors.
We demonstrated that the lower branch, reaching zero
frequency, changes its group velocity from negative to
positive ones. At the end we note that the developed
theory of 1D plasmons can be particularly useful for un-
derstanding of response of sTMD monolayers at sub-gap
frequencies.
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I. SPECTRA AND WAVE FUNCTIONS OF
EDGE STATES
InK andK ′ valleys of sTMDmonolayers electrons and
hole around band edges are described by the following
Hamiltonian6:
Hτ = v (τσxpx + σypy)+σz [m− τ sˆz(∆v −∆c)]+σ0τ sˆz(∆v+∆c),
(S1)
where τ = ±1 is the valley index, σx,y,z and σ0 are Pauli
and identity matrixes, respectively, acting in band sub-
space, sˆz is z component of the spin-1/2 operator, v
is matrix element of momentum between the band ex-
tremum wave functions, 2∆c,v is atomic spin-orbit split-
ting in conduction and valence bands, respectively, 2m is
band gap without the splitting.
Below in this section we calculate spectra and wave
functions of edge states (ESs) for two different types of
spin-orbit interaction (SOI) mechanisms.
A. Bulk SOI
First, we consider bulk mechanisms of SOI, such as
Bychkov-Rashba SOI with substrate, SOI induced by
perpendicular electric field, and SOI induced by in-plane
magnetic field. In general, these interactions can be de-
scribed by a perturbation Hamiltonian:
δHτ =
(
0 Vτ
V +τ 0
)
. (S2)
Here Vτ is square matrix of the second order, which in
case of Bychkov-Rashba interface SOI or SOI caused by
perpendicular electric field, has the form13,15:
Vτ =
(
0 λ∗ δτ,−1
−λ δτ,1 0
)
, (S3)
where λ is parameter that describes value of the inter-
actions (λ ∼ 1 meV). In case of in-plane magnetic field
Vτ = [gµB/2](Bx − iBy)σ0 (g ≈ 2 is effective g-factor
and µB is the Bohr magneton). For bulk SOI we employ
spin-decoupled boundary condition (BC) at the edge:[
ψ↑(↓)c,τ + a1,2;τψ
↑(↓)
v,τ
]
y=0
= 0, (S4)
2where a1,τ (a2,τ ) is real phenomenological parameter that
characterizes edge properties for spin up (spin down)
states. Time reversal symmetry impose the following re-
lation: a1,τ = a2,−τ
12. In zero approximation on δH
(S2), Hamiltonian (S1) with BC (S4) gives rise to two
subbands of ESs in each valley12:
ε(τ)n,p = −τv(τ)n p+∆(τ)n , (S5)
here n = 1, 2 is the ES subband index,
v
(τ)
n = 2an,τv/(1 + a
2
n,τ ) is ES velocity and
∆(τ)n = m
a2n,τ − 1
a2n,τ + 1
+ (−1)n+1τ∆v + a
2
n,τ∆c
1 + a2n,τ
(S6)
is value of e-h asymmetry. ES subbands possess linear
dispersion and are splitted in energy as ∆
(τ)
1 6= ∆(τ)2 .
Zero approximation wave functions of the ESs have the
following form:
ψ
(0)
1,p,τ = C1,p,τ (1,−1/a1,τ , 0, 0)T e−κ1,p,τy+ipx, (S7)
ψ
(0)
2,p,τ = C2,p,τ (0, 0, 1,−1/a2,τ)T e−κ2,p,τy+ipx, (S8)
where Cn,p,τ =
(
2κn,p,τa
2
n,τ/(1 + a
2
n,τ )Lx
)1/2
is normal-
ization factor, and
h¯κn,p,τ = −τp
1− a2n,τ
1 + a2n,τ
+
2an,τ
1 + a2n,τ
(
m
v
− (−1)n+1τ∆v −∆c
2v
)
(S9)
is inverse decay length of ESs. ESs exist for those quasi-
momenta while their inverse decay length (S9) is positive.
In Ref.12 was shown that ESs (S7),(S5) are in the gap at
a1,2;1 > 0 (a1,2;−1 < 0). We also assume that a±1,τ ∼ 1
for ESs to be in the gap at small enough quasimomenta.
Because of quite large band gap, the inverse decay length
(S9) weakly depends on the quasimomentum of the ESs.
Therefore, below we take its value at Fermi-level at cal-
culation of plasmon spectra.
Perturbation (S2) couples ESs belonging to different
subbands. Since ES subbands are non degenerate, only
their wave functions are changed in the first approxima-
tion on δHτ (S2):
ψ1,p,τ = ψ
(0)
1,p,τ +
〈ψ(0)2,p,τ |δHτ |ψ(0)1,p,τ 〉
ε
(τ)
1,p − ε(τ)2,p
ψ
(0)
2,p,τ , (S10)
ψ2,p,τ = ψ
(0)
2,p,τ +
〈ψ(0)1,p,τ |δHτ |ψ(0)2,p,τ 〉
ε
(τ)
2,p − ε(τ)1,p
ψ
(0)
1,p,τ . (S11)
B. Edge SOI
In this section we consider the second type of SOI, that
is caused by breaking of crystal potential in perpendic-
ular to edge direction. Such SOI can be described by a
spin-coupled BC12:[
Ψ↑τ −MτΨ↓τ
]
y=0
= 0, (S12)
where Ψ
↑(↓)
τ = (ψ
↑(↓)
c,τ , ψ
↑(↓)
v,τ ) is two-component envelope
functions, and M is the second order matrix with ele-
ments:
m11 = i(sinh ξ + τ cosh ξ cosh η cos ν) (S13)
m22 = i(sinh ξ − τ cosh ξ cosh η cos ν) (S14)
m12 = iτ cosh ξ(sinh η − cosh η sin ν) (S15)
m21 = −iτ cosh ξ(sinh η + cosh η sin ν), (S16)
where ξ, η, ν are phenomenological parameters that de-
scribe SOI at the edge. In case of the edge SOI, there
also exists two subbands of ESs which are described by
the following wave functions:
ψn,p,τ = Cn,p,τ
 Mτ
(
1
G↓n,p,τ
)
eκ
↑
n,p,τy(
1
G↓n,p,τ
)
eκ
↓
n,p,τy
 eipx, (S17)
where
G↑(↓)n,p,τ =
v(τp − h¯κ↑(↓)n,p,τ )
ε
(τ)
n,p +m∓ τ∆v
and inverse decay lengthes are expressed as follows:
h¯κ↑(↓)n,p,τ =
√
p2 − (ε(τ)n,p −m∓ τ∆c)(ε(τ)n,p +m∓ τ∆v)/v2.
(S18)
Energies of ES subbands are determined by a dispersion
equation: (
1 + a1,τG
↑
n,p,τ
) (
1 + a2,τG
↓
n,p,τ
)
+
τv(tanh ξ − 1)
sinh η + cosh η sin ν
(
G↑n,p,τ −G↓n,p,τ
)
= 0, (S19)
where
a1,2;τ = ±τ 1± τ cosh η cos ν
sinh η + cosh η sin ν
(S20)
are expressions for the introduced previously section
boundary parameters via η, ν. Coupling of the ES sub-
bands by the edge SOI is provided by the last term in
Eq.(S19). Taking this term as a perturbation, we obtain
the same spectra of ESs as in case of the bulk SOI (S5),
but with renormalized e-h asymmetry term:
∆˜(τ)n = ∆
(τ)
n +
(−1)n+12τ∆v(tanh ξ − 1)
(1 + a2n,τ )
(
1 + ∆v(τ(−1)
n+1+cosh η sin ν)
ε
(τ)
n,0+m−(−1)
n+1τ∆v
)
(S21)
As it follows from Eq.(S20) a1,1 > a2,1. This means that
ESs from the upper subband always has greater absolute
value of velocity than from the lower one. Therefore,
ES subbands do not intersect each other at any quasi-
momentum as without SOI as well taking the latter into
account.
3II. DERIVATION OF PLASMON DISPERSION
EQUATION IN SELF CONSISTENT RANDOM
PHASE APPROXIMATION
In this section we derive general dispersion equation for
1D plasmons in self-consistent random phase approxima-
tion (RPA), taking into account only transitions between
ESs. First, we solve quantum kinetic equation for density
matrix ρ in the first order on electric potential:
ih¯
∂ρ
∂t
=
[
H0 − e
(
ϕq(y)e
iqx−i(ω+i0)t + c.c.
)
, ρ
]
(S22)
where H0 = Hτ+δHτ with BC (S4) for ES wave function
set (S10), (S11), or H0 = Hτ with BC (S12) for ES wave
function set (S17). The first order amendment to density
matrix reads as follows:
ρ
(1)
λ,λ′ = −e〈λ|ϕq(y)eiqx|λ′〉δτλ,τλ′
f(ελ′)− f(ελ)
ελ′ − ελ + h¯ω + i0 ,
(S23)
where e is absolute value of electron charge, λ is set of
ES quantum numbers, f(ε) is Fermi-Dirac distribution
function. Fourier harmonics of induced electron density
is expressed in the following way:
n(1)q (ye) =
−e
Lx
∑
λ,λ′
ρ
(1)
λ,λ′〈λ′|δ(y − ye)e−iqx|λ〉 (S24)
Inserting (S24) in the Poisson equation we obtain a
closed equation for the electric potential harmonics:
ϕq(y)e
iqx =
2
ǫ∗
∫ +∞
0
K0 (|q(y − y′)|)n(1)q (y′)eiqxdy′,
(S25)
where K0(x) is the Macdonald function describing
Coulomb interaction in one dimension, ǫ∗ is dielectric
constant of environment. Substituting (S24) in the previ-
ous equation and taking matrix element 〈µ′| . . . |µ〉δτµτµ′
from both side of the equation, we arrive to the final
expression used in the main text:
〈µ′|ϕq(y)eiqx|µ〉δτµ′τµ =
2e2
ǫ∗Lx
∑
λλ′
f(ελ′)− f(ελ)
ελ′ − ελ + h¯ω + i0〈λ|ϕq(y)e
iqx|λ′〉δτλ′τλ ×
〈λ′|〈µ′|eiq(x−x′)K0 (|q(y − y′)|) |µ〉|λ〉 (S26)
A. Dispersion equation for intrasubband plasmons
Leaving only diagonal matrix elements on the sub-
band number in Eq.(S26) (f.e. |µ〉 = |1, p′, 1〉 and
|µ′〉 = |1, p′ + q, 1〉) we arrive to the following equation:
〈1, p′ + q, 1
∣∣∣ϕq(y)eiqx
∣∣∣ 1, p′, 1〉 =
2e2
ǫ∗Lx
∑
p,τ
f(ε
(τ)
1,p)− f(ε
(τ)
1,p+q)
ε
(τ)
1,p − ε
(τ)
1,p+q + h¯ω + i0
〈1, p+ q, τ
∣∣∣ϕq(y)eiqx
∣∣∣ 1, p, τ 〉〈1, p′ + q, 1|〈1, p, τ ∣∣∣K0(∣∣q(y − y′)∣∣)eiq(x−x′)
∣∣∣ 1, p+ q, τ 〉|1, p′, 1〉+
2e2
ǫ∗Lx
∑
p,τ
f(ε
(τ)
2,p)− f(ε
(τ)
2,p+q)
ε
(τ)
2,p − ε
(τ)
2,p+q + h¯ω + i0
〈2, p+ q, τ
∣∣∣ϕq(y)eiqx
∣∣∣ 2, p, τ 〉〈1, p′ + q, 1|〈2, p, τ
∣∣∣K0(∣∣q(y − y′)∣∣)eiq(x−x′)
∣∣∣ 2, p+ q, τ 〉|1, p′, 1〉.
(S27)
As ESs are exponentially localized in vicinity of the edge,
the diagonal matrix elements of electric potential in the
long wavelength limit qκ−1 ≪ 1 (κ is inverse decay length
of ESs at Fermi-level) can be estimated as:
〈1, p+ q, τ |ϕq(y)eiqx|1, p, τ〉 =
〈2, p+ q, τ |ϕq(y)eiqx|2, p, τ〉 ≈ ϕq(0). (S28)
Taking asymptotic expression for 1D Coulomb potential
K0(x) ≈ ln(2/xζ) in the long wavelength limit (ζ = eγ ,
γ = 0.577 . . . is the Euler constant), we evaluate its ma-
trix elements as follows:
〈1, p′ + q, 1|〈1, p, τ
∣∣∣K0(∣∣q(y − y′)∣∣)eiq(x−x′)
∣∣∣ 1, p+ q, τ 〉|1, p′, τ 〉 ≈
ln
[
2 (κ1,p,τ + κ1,p′,1)
qζ
]
≈ ln
[
4κ1,pF1 ,1
qζ
]
,
(S29)
〈1, p′ + q, 1|〈2, p, τ
∣∣∣K0(∣∣q(y − y′)∣∣)eiq(x−x′)
∣∣∣ 2, p+ q, τ 〉|1, p′, 1〉 ≈
ln
[
2 (κ2,p,τ + κ1,p′,1)
qζ
]
≈ ln

2
(
κ2,pF2 ,1 + κ1,pF1 ,1
)
qζ

 ≈
ln
[
4κ2,pF2 ,1
qζ
]
,
(S30)
Since the inverse decay lengths (S9) or (S18) is of weak
dependence on quasimomentum, we take its value at
corresponding Fermi-level. Further, due to smoothness
of logarithm function, we will put ln(4κ1,pF1 ,1/qζ) ≈
ln(4κ2,pF2 ,1/qζ) in the matrix elements (S29),(S30). In-
serting Eqs.(S28)-(S30) in the system (S27) we finally ob-
4tain the dispersion equation for intrasubband plasmons
that is used in the main text:
1− 2e
2
ǫ∗
ln
(
4κ2,pF2 ,1
|q|ζ
)∑
τ
[
Π
(τ)
11 (ω, q) + Π
(τ)
22 (ω, q)
]
= 0,
Π
(τ)
n′n(ω, q) =
1
Lx
∑
p
f
(
ε
(τ)
n′,p
)
− f
(
ε
(τ)
n,p+q
)
ε
(τ)
n′,p − ε(τ)n,p+q + h¯ω + i0
, n, n′ = {1, 2}
(S31)
Therefore, in the main text κintra = κ2,pF2 ,1 ≈ κ1,pF1 ,1.
B. Dispersion equation for intersubband plasmons
Taking |µ′〉 = |1, p′ + q, 1〉, |µ〉 = |2, p′, 1〉 and keeping
only intersubband matrix elements in Eq.(S26) we obtain
the following equation:
〈1, p′ + q, 1
∣∣∣ϕq(y)eiqx
∣∣∣ 2, p′, 1〉 =
2e2
ǫ∗Lx
∑
p,τ
f(ε
(τ)
1,p)− f(ε
(τ)
2,p+q)
ε
(τ)
1,p − ε
(τ)
2,p+q + h¯ω + i0
〈2, p+ q, τ
∣∣∣ϕq(y)eiqx
∣∣∣ 1, p, τ 〉〈1, p′ + q, 1|〈1, p, τ
∣∣∣K0(∣∣q(y − y′)∣∣)eiq(x−x′)
∣∣∣ 2, p+ q, τ 〉|2, p′, 1〉+
2e2
ǫ∗Lx
∑
p,τ
f(ε
(τ)
2,p)− f(ε
(τ)
1,p+q)
ε
(τ)
2,p − ε
(τ)
1,p+q + h¯ω + i0
〈1, p+ q, τ
∣∣∣ϕq(y)eiqx
∣∣∣ 2, p, τ 〉〈1, p′ + q, 1|〈2, p, τ
∣∣∣K0(∣∣q(y − y′)∣∣)eiq(x−x′)
∣∣∣ 1, p+ q, τ 〉|2, p′, 1〉.
(S32)
In long wavelength limit intersubband matrix elements
of electric potential are evaluated as follows:
〈1, p+ q, τ
∣∣∣ϕq(y)eiqx
∣∣∣ 2, p, τ 〉 ≈ ϕq(0)〈1, p+ q, τ
∣∣∣eiqx∣∣∣ 2, p, τ 〉 ≡
ϕq(0)J
(τ)
12 (p, q),
(S33)
〈2, p+ q, τ
∣∣∣ϕq(y)eiqx
∣∣∣ 1, p, τ 〉 ≈ ϕq(0)〈2, p+ q, τ
∣∣∣eiqx
∣∣∣ 1, p, τ 〉 ≡
ϕq(0)J
(τ)
21 (p, q),
(S34)
where the last equality is in (S33), (S34) is a definition
of J
(τ)
12,21(p, q). In the long wavelength limit intersubband
matrix elements of 1D Coulomb potential read as:
〈1, p′ + q, 1|〈1, p, τ
∣∣∣K0(∣∣q(y − y′)∣∣)eiq(x−x′)
∣∣∣ 2, p+ q, τ 〉|2, p′, 1〉 ≈
ln
[
2(κ1,pF2 ,1 + κ2,pF2 ,1)
qζ
]
J
(1)
12 (p
′, q)J
(τ)∗
21 (p, q)
〈1, p′ + q, 1|〈2, p, τ
∣∣∣K0(∣∣q(y − y′)∣∣)eiq(x−x′)
∣∣∣ 1, p+ q, τ 〉|2, p′, 1〉 ≈
ln
[
2(κ1,pF2 ,1 + κ2,pF2 ,1)
qζ
]
J
(1)
12 (p
′, q)J
(τ)∗
12 (p, q)
(S35)
where we took the inverse decay lengths at p = pF2 . In
the long wavelength limit matrix elements J
(τ)
12,21(p, q) are
proportional to wave vector q, as at q = 0 ES wave func-
tions belonging different subbands are orthogonal to each
other. In the case of edge SOI the matrix elements satisfy
symmetry condition: J
(1)
12 (p, q, 1) = J
(−1)
21 (−p,−q,−1).
But, for the bulk SOI (S2) the condition is following
one: J
(1)
12 (p, q, 1) = −J (−1)21 (−p,−q,−1). Since at small
wave vectors the absolute values of the matrix elements
approximately equal to each other (i.e. |J112(p, q) ≈
|J121(p, q)| ≈ |J−112 (−p, q)| ≈ |J (−1)21 (p, q)|) and addition-
ally possess weak dependence on quasimomentum (see
Figs.S1,S2) we treat them as constants taken at p = pF2
in the Eq.(S32). Finally , we obtain the following disper-
sion equation for intersubband plasmons:
1− 2e
2
ǫ∗Lx
|J12(pF2 , q)|2 ln
(
2
(
κ1,pF2 ,1 + κ2,pF2 ,1
)
|q|ζ
)
×
∑
τ
[
Π
(τ)
12 (ω, q) + Π
(τ)
21 (ω, q)
]
= 0,
(S36)
Therefore, in the main text κinter = (κ2,pF2 ,1+κ1,pF2 ,1)/2.
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FIG. S1. Quasimomentum dependence of intersuband ma-
trix element absolute values |J
(τ)
12 (τp, q)| (blue), |J
(τ)
21 (τp, q)|
(red) in case of bulk SOI at three values of wave vectors
q = 0.05pF20.1pF2 , 0.2pF2 . Solid (dashed) lines respond to the
K (K′) valley. Vertical line shows quasimomenta correspond-
ing to Fermi-level in each edge subband (see, Fig.1 of the main
text). Calculation was carried out at: 2m = 1.8 eV, v = 2.5
eV·A, 2∆c = 3 meV, 2∆v = 0.148 eV, a1,1 = a2,−1 = 0.5,
a2,1 = a1,−1 = 0.35, |λ| = 1meV.
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FIG. S2. Quasimomentum dependence of intersuband ma-
trix element absolute values |J
(τ)
12 (τp, q)| (blue), |J
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21 (τp, q)|
(red) in case of edge SOI at three values of wave vectors
q = 0.05pF20.1pF2 , 0.2pF2 . Solid (dashed) lines respond to
the K (K′) valley. Vertical line shows quasimomenta corre-
sponding to Fermi-level in each edge subband (see, Fig.1 of
the main text). Calculation was carried out at: 2m = 1.8
eV, v = 2.5 eV·A, 2∆c = 3 meV, 2∆v = 0.148 eV, ξ = 0.2,
η = 2.76, ν = 0.77.
